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Sequences 
 
Definition: A sequence is a set of numbers that is ordered. 

For example: 

o The days of the month: 1, 2, 3, … 

o Multiples of 3: 3, 6, 9, … 

o Successive powers of 10: 10ଵ, 10ଶ, 10ଷ, …  

o Squares of integers: 1, 4, 9, 16, … 

 

 Notice that in each set, there is a first number, a second number, a third number, 
and so forth. 

 The successive numbers are called the terms of the sequence. 

 

Definition: A finite sequence has a first term and a last term, whereas an infinite 
sequence has a first term but no last term.  

For example: 

o {1, 3, 5, 7, 9, 11 } is a finite sequence 

o {𝜋, 𝜋ଶ, 𝜋ଷ, … , 𝜋௡, … } is an infinite sequence 

 

 Mathematically, we think of a sequence as a function. 

 

Definition: An infinite sequence {𝑎௡} is a function whose domain is the set of natural 
numbers and whose range is the set of term values.  

For example, consider the infinite sequence {1, 3, 5, 7, 9, 11, …}. 

o Term 1 has value of 1, term 2 has value of 3, term 3 has value of 5, and so 
forth.   

o The domain is 𝐷: {1,2,3,4, … } and the term values are the range 
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There exist two types of sequences that are of special interest mathematically because 
they model real world situations, and because their formulas are easy to deduce.  They 
are arithmetic sequences and geometric sequences. 

 

Definition: An arithmetic sequence is a sequence in which successive terms increase or 
decrease by a constant amount 𝑑, called the common difference, such that: 

𝑑 = 𝑎௡ − 𝑎௡ିଵ 

For example: 

o {3,10,17,24,31…} is an arithmetic sequence with common difference 𝑑 =

7. 

o {18,16,14,12,10,…} is an arithmetic sequence with common difference 
𝑑 = −2. 

 

Definition: A geometric sequence is a sequence in which successive terms increase or 
decrease by a constant factor 𝑟, called the common ratio, such that: 

𝑟 =
𝑎௡

𝑎௡ିଵ

 

For example:  

o {3,6,12,24,48,…} is a geometric sequence with common ratio 𝑟 = 2. 

o {128,64,32,16,8,…} is a geometric sequence with common ratio 𝑟 =
ଵ

ଶ
. 

 

Ex. 7: Determine if the following infinite sequences are arithmetic, geometric, or 
neither. 

a) {4,7,10, … } Ans: Arithmetic because we have 𝑑 = 3. 

b) {1,3,9,27,81, … } Ans: Geometric because we have 𝑟 = 3. 

c) {64, −32,16, −8,4, … } Ans: Geometric because we have 𝑟 = −
ଵ

ଶ
. 

d) {2,6,24, … } Ans: Neither. 
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 It is possible to develop formulas for the 𝑛th term of both arithmetic and geometric 
sequences. 

 

Arithmetic Sequences 

Consider the infinite sequence {3,10,17,24,31, … }. 

Notice that the first term 𝑎ଵ = 3 and the common difference is 𝑑 = 7. So: 

 𝑎ଵ = 3  

 𝑎ଶ = 3 + 7  = 3 + 1(7) 

 𝑎ଷ = 3 + 7 + 7  = 3 + 2(7) 

 𝑎ସ = 3 + 7 + 7 + 7  = 3 + 3(7) 

 𝑎ହ = 3 + 7 + 7 + 7 + 7  = 3 + 4(7) 

…  

 𝑎௡ = 3 + (𝑛 − 1)7  

 

Definition: For an arithmetic sequence with first term 𝑎ଵ and common difference 𝑑, the 
𝑛th term of the sequence is given by the formula:  

𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑 

 

Ex. 8: Write the formula for the 𝑛th term of the sequence {3,9,15,21, … }. 

We have 𝑎ଵ = 3 and 𝑑 = 6, so 𝑎௡ = 3 + (𝑛 − 1)6 = 3 + 6𝑛 − 6 = 6𝑛 − 3. 

 

Ex. 9: Consider the sequence {17,22,27,32, … }.  Find the formula for the 𝑛th term of the 
sequence and use it to find the value of the 100th term (ie: term 𝑎ଵ଴଴). 

We have 𝑎ଵ = 17 and 𝑑 = 5, so 𝑎௡ = 17 + (𝑛 − 1)5 and 𝑎ଵ଴଴ = 17 + (99)5 = 512 

 

Ex. 10: Find the number of terms in the finite arithmetic sequence: {9,2, −5, … , −40}. 

We have 𝑎ଵ = 9, 𝑑 = −7 and we set 𝑎௡ = −40.  So using 𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑 we have 
−40 = 9 + (𝑛 − 1)(−7) and find 𝑛 = 8.   

Note that we can check this by letting 𝑛 = 8: 𝑎଼ = 9 + (7)(−7) = −40. 
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Ex. 23: Find the partial sum 𝑆଺ for the arithmetic sequence {𝑎௡} = {5𝑛 + 1}. 

Here, the first 6 terms of the sequence are {6,11,16,21,26,31} so 𝑆଺ = 6 + 11 + 16 +

21 + 26 + 31 = 111. 

 

Ex. 24: Find the partial sum 𝑆ସ for the geometric sequence {𝑎௡} = ቄ10 ቀ
ଵ

ଶ
ቁ

௡

ቅ. 

Here, the first 6 terms of the sequence are ቄ5,



   Dawson College – MathemaƟcs Department – Integral Calculus for Social Science 
 

10 
 

Ex. 26: Given the geometric sequence {𝑎௡} = ቄ3,1,
ଵ

ଷ
, … ቅ 

a) Find the partial sum 𝑆଺. 

We have 𝑎 = 3 and 𝑟 =
ଵ

ଷ
.  So using the formula, 𝑆଺ =

ଷ൬ଵିቀ
భ

య
ቁ

ల
൰

ଵି
భ

య

=
ଷቀଵି

భ

ళమవ
ቁ

మ

య

=

3 ቀ
଻ଶ଼

଻ଶଽ
ቁ ቀ

ଷ

ଶ
ቁ =

ଷ଺ସ

଼ଵ
. 

b) Find the formula for the partial sum 𝑆௡. 

Given 𝑎 = 3 and 𝑟 =
ଵ

ଷ
, we have 𝑆௡ =

ଷ൬ଵିቀ
భ

య
ቁ

೙
൰

ଵି
భ

య

=
ଷቀଵି

భ

య೙ቁ

మ

య

= 3 ቀ1 −
ଵ

ଷ೙
ቁ ቀ

ଷ

ଶ
ቁ =

ଽ

ଶ
ቀ1 −

ଵ

ଷ೙
ቁ. 

 

Ex. 27: Find the partial sum 𝑆௡ for the geometric sequence with initial (first) term 
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Ex. 32 A car originally valued at 20,000$ (year 1) depreciates by 15% every year.  Find the 
value of the car at the end of 5 years (or, at the start of the 6th year). 
 
Here, we have a geometric sequence with 𝑎 = 𝑎ଵ = 20,000 and 
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5. Determine if the following sequences converge or diverge: 

 
a) {17,24,31, … } 

b) {−5, −1,3, … } 

c) {4, −1, −6, … } 

d) ቄ
ଵ

ଷ
, 1,3, … ቅ 

e) ቄ14,2,
ଶ

଻
, … ቅ鐀ቅ鐀,

ଷଷ
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11. Assume that the North American population of Canada Geese in 2023 was 

7,000,000 and that it will increase yearly by 12,000.  In what year will the 
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Answers 
 

1. a)  3,
ଽ

ସ
,

ଶ଻

ଽ
,

଼ଵ

ଵ଺
  b)  −1,

ଵ

଼
, −

ଵ

ଶ଻
,

ଵ

଺ସ
  c)  ଵ

ଷ
,

ସ

ଽ
,

ଵ଺

ଶ଻
,

଺ସ

଼ଵ
  d)  ଵ

଺
,

ଵ

ଵଶ
,

ଵ

ଶ଴
,

ଵ

ଷ଴
 

 
2. a)  𝐴,  𝑑 = 5  b)  𝐺 , 𝑟 = 2     c)  𝐴, 𝑑 = 1    d)  𝐺, 𝑟 = −2  

e)  𝐺, 𝑟 =
ଵ

ଶ
   f)  𝐴, 𝑑 = −

ଵ

ସ
   g) 𝐺, 𝑟 = −

ଶ

ଷ
  h)  𝐴, 𝑑 = −6  

i) 𝐴, 𝑑 = 0.1 
 

3. a) 13 − 3𝑛   b)  2𝑛 + 23   c)  46 − 6𝑛   d)  8 ቀ
ଷ

ସ
ቁ

௡ିଵ

       

e)  ଶ
೙షమ

ଷ೙షభ
   f)  7 ቀ

ଷ೙

ଶ೙షమ
ቁ 

 
4. a)  𝑎଺ = 25,  𝑎ଵଵ = 45, 𝑎௡ = 4𝑛 + 1                 

b)  𝑎଺ = −18,  𝑎ଵଵ = −43,  𝑎௡ = −5𝑛 + 12            
c) 𝑎଺ = 39,  𝑎ଵଵ = 74, 𝑎௡ = 7𝑛 − 3        

d)  𝑎଺ = 5 ቀ
ଷ

ସ
ቁ

ହ

, 𝑎ଵଵ = 5 ቀ
ଷ

ସ
ቁ

ଵ଴

, 𝑎௡ = 5 ቀ
ଷ

ସ
ቁ

௡ିଵ

           

e)   𝑎଺ = −
ଵ

ଵ଺
, 𝑎ଵଵ =

ଵ

ହଵଶ
, 𝑎௡ = 2 ቀ=

�á�?�5

�=

଺


L�t

ቀ

ଶ

�05��

�9

�á�=

ଵଵ 
L�t ቀ

ଶ

�3

�5�4

௡


L�t

ቀ

ଶ

�4

�á�?�5

�ð�X ��


